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Biharmoni urves on LP -Sasakian manifolds
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Abstrat. In this paper we give neessary and suient onditions for spaelike
and timelike urves in a onformally at, quasi onformally at and onformally
symmetri 4-dimensional LP -Sasakian manifold to be proper biharmoni. Also,
we investigate proper biharmoni urves in the Lorentzian sphere S41 .
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1 Introdution
The theory of biharmoni funtions is an old and rih subjet. Biharmoni
funtions have been studied sine 1862 by Maxwell and Airy to desribe a
mathematial model of elastiity. The theory of polyharmoni funtions was
developed later on, for example, by E. Almansi, T. Levi-Civita and M. Nio-
lesu. Reently, biharmoni funtions on Riemannian manifolds were studied
by R. Caddeo and L. Vanhke [5, 6℄, L. Sario, M. Nakai and C. Wang [30℄.
In the last deade there has been a growing interest in the theory of bihar-
moni maps whih an be divided in two main researh diretions. On the one
side, onstruting the examples and lassiation results have beome impor-
tant from the dierential geometri aspet. The other side is the analyti aspet
from the point of view of partial dierential equations (see [12, 22, 33, 36, 37℄),
beause biharmoni maps are solutions of a fourth order strongly ellipti semi-
linear PDE.
Let C∞(M,N) denote the spae of smooth maps Ψ : (M, g) → (N, h) be-
tween two Riemannian manifolds. A map Ψ ∈ C∞(M,N) is alled harmoni if
it is a ritial point of the energy funtional
E : C∞(M,N)→ R,E(Ψ) = 1
2
∫
M
|dΨ|2vg
and is haraterized by the vanishing of the tension eld τ(Ψ) = trace∇dΨ
where ∇ is a onnetion indued from the Levi-Civita onnetion ∇M of M
and the pull-bak onnetion ∇Ψ. As a generalization of harmoni maps,
biharmoni maps between Riemannian manifolds were introdued by J. Eells
and J. H. Sampson in [15℄. Biharmoni maps between Riemannian manifolds
Ψ : (M, g)→ (N, h) are the ritial points of the bienergy funtional
E2(Ψ) =
1
2
∫
M
|τ(Ψ)|2vg.
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The rst variation formula for the bienergy whih is derived in [20, 21℄ shows
that the Euler-Lagrange equation for the bienergy is
τ2(Ψ) = −J(τ(Ψ)) = −∆τ(Ψ)− traceRN (dΨ, τ(Ψ))dΨ = 0,
where ∆ = −trace(∇Ψ∇Ψ − ∇Ψ∇) is the rough Laplaian on the setions of
Ψ−1TN and RN (X,Y ) = [∇X ,∇Y ] − ∇[X,Y ] is the urvature operator on N .
From the expression of the bitension eld τ2, it is lear that a harmoni map is
automatially a biharmoni map. So non-harmoni biharmoni maps whih are
alled proper biharmoni maps are more interesting.
In a dierent setting, B. Y. Chen [13℄ dened biharmoni submanifoldsM ⊂
Rn of the Eulidean spae as those with harmoni mean urvature vetor eld,
that is ∆H = 0, where ∆ is the rough Laplaian, and stated the following
• Conjeture: Any biharmoni submanifold of the Eulidean spae is har-
moni, that is minimal.
If the denition of biharmoni maps is applied to Riemannian immersions
into Eulidean spae, the notion of Chen's biharmoni submanifold is obtained,
so the two denitions agree.
The non-existene theorems for the ase of non-positive setional urvature
odomains, as well as the
• Generalized Chen's onjeture: Biharmoni submanifolds of a manifold N
with RiemN ≤ 0 are minimal,
enouraged the study of proper biharmoni submanifolds, that is submanifolds
suh that the inlusion map is a biharmoni map, in spheres or another non-
negatively urved spaes (see [7, 9, 16, 19, 28, 29℄).
Of ourse, the rst and easiest examples an be found by looking at dier-
entiable urves in a Riemannian manifold. Obviously geodesis are biharmoni.
Non-geodesi biharmoni urves are alled proper biharmoni urves. Chen and
Ishikawa [14℄ showed non-existene of proper biharmoni urves in Eulidean
3-spae E3. Moreover they lassied all proper biharmoni urves in Minkowski
3-spae E31 (see also [18℄). Caddeo, Montaldo and Piu showed that on a surfae
with non-positive Gaussian urvature, any biharmoni urve is a geodesi of the
surfae [8℄. So they gave a positive answer to generalized Chen's onjeture.
Caddeo et al. in [7℄ studied biharmoni urves in the unit 3-sphere. More pre-
isely, they showed that proper biharmoni urves in S3 are irles of geodesi
urvature 1 or helies whih are geodesis in the Cliord minimal torus. Then
the same authors studied the biharmoni submanifolds of unit n-sphere [9℄.
On the other hand, there are a few results on biharmoni urves in arbitrary
Riemannian manifolds. The biharmoni urves in the Heisenberg group H3
are investigated in [10℄ by Caddeo et al. In [16℄ Fetu studied biharmoni
urves in the generalized Heisenberg group and obtained two families of proper
biharmoni urves. Also, the expliit parametri equations for the biharmoni
urves on Berger spheres S3ε are obtained by Balmu³ in [3℄.
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A generalization of Riemannian manifolds with onstant setional urvature
is represented by Sasakian spae forms. In partiular, a simply onneted three-
dimensional Sasakian spae form of onstant holomorphi setional urvature
1 is isometri to S3. So in this ontext J. Inoguhi lassied in [19℄ the proper
biharmoni Legendre urves and Hopf ylinders in a 3-dimensional Sasakian
spae form and in [17℄ the explit parametri equations were obtained. T.
Sasahara [31℄, analyzed the proper biharmoni Legendre surfaes in Sasakian
spae forms and in the ase when the ambient spae is the unit 5-dimensional
sphere S5 he obtained their expliit representations.
Other results on biharmoni Legendre urves and biharmoni anti-invariant
surfaes in Sasakian spae forms and (κ, µ)-manifolds are given in [1, 2℄.
In this paper we give some neessary and suient ondition for a spaelike
and a timelike urve lying in a 4-dimensional onformally at, quasi onformally
at and onformally symmetri Lorentzian para-Sasakian manifold to be proper
biharmoni.
The study of Lorentzian almost paraontat manifolds was initiated by Mat-
sumoto in 1989 [24℄. Also he introdued the notion of Lorentzian para-Sasakian
( for short LP -Sasakian ) manifold. I. Mihai and R. Rosa [26℄ dened the
same notion independently and thereafter many authors [23, 27, 39℄ studied
LP -Sasakian manifolds.
2 Preliminaries
2.1 Biharmoni maps between Riemannian manifolds
Let (M, g) and (N, h) be Riemannian manifolds and Ψ : (M, g)→ (N, h) be a
smooth map. The tension eld of Ψ is given by τ(Ψ) = trace∇dΨ, and for any
ompat domain Ω ⊆M , the bienergy is dened by
E2(Ψ) =
1
2
∫
Ω
|τ(Ψ)|2vg.
Then a smooth map Ψ is alled biharmoni map if it is a ritial point of the
bienergy funtional for any ompat domain Ω ⊆M. The rst variation formula
for the bienergy funtional is given by
dE2(Ψt)
dt
|t=0 =
∫
Ω
< τ2(Ψ), w > vg,
where vg is the volume element, w is the variational vetor eld assoiated to
the variation {Ψt} of Ψ and
τ2(Ψ) = −J(τ2(Ψ)) = −∆Ψτ(Ψ) − traceRN (dΨ, τ(Ψ))dΨ.
Here ∆Ψ is the rough Laplaian on the setions of the pull-bak bundle Ψ−1TN
whih is dened by
∆ΨV = −
m∑
i=1
{∇Ψei∇ΨeiV −∇Ψ∇Mei eiV }, V ∈ Γ(Ψ
−1TN),
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where∇ is the pull-bak onnetion on the pull-bak bundle Ψ−1TN and {ei}mi=1
is an ortonormal frame on M.
From the denition of bienergy and the equation τ2(Ψ), some remarks on
biharmoni maps are following:
• a map Ψ is biharmoni if and only if its tension eld is in the kernel of
the Jaobi operator;
• a harmoni map is obviously a biharmoni map;
• a harmoni map is an absolute minimum of the bienergy.
In partiular, if the target manifold N is the Eulidean spae Em, then the
biharmoni equation of a map Ψ : M → Em is
∆2Ψ = 0,
where∆ is the Laplae-Beltrami operator of (M, g). Also, biharmoni parametrized
urves γ : I ⊂ R→M are solutions of the fourth order dierential equation
∇3TT −R(T,∇TT )T = 0.
2.2 Lorentzian Almost paraontat manifolds
LetM be an n-dimensional smooth onneted paraompat Hausdro manifold
with a Lorentzian metri g, i.e., g is a smooth symmetri tensor eld of type
(0, 2) suh that at every point p ∈M , the tensor gp : TpM ×TpM → R is a non-
degenerate inner produt of signature (−,+, ...,+), where TpM is the tangent
spae of M at the point p. Then (M, g) is known to be a Lorentzian manifold.
A non-zero vetor Xp ∈ TpM an be spaelike, null or timelike ,if it satises
gp(Xp, Xp) ≥ 0, gp(Xp, Xp) = 0 (Xp 6= 0) or gp(Xp, Xp) < 0 respetively.
Let M be an n-dimensional dierentiable manifold equipped with a triple
(φ, ξ, η), where φ is a (1, 1) tensor eld, ξ is a vetor eld, η is a 1-form on M
suh that [24℄
η(ξ) = −1,(2.2.1)
φ2 = I + η ⊗ ξ,(2.2.2)
where I denotes the identity map of TpM and ⊗ is the tensor produt. The
equations (2.2.1) and (2.2.2) imply that
η ◦ φ = 0,
φξ = 0,
rank(φ) = n− 1.
Then M admits a Lorentzian metri g, suh that
g(φX, φY ) = g(X,Y ) + η(X)η(Y ),
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and M is said to admit a Lorentzian almost paraontat struture (φ, ξ, η, g).
Then we get
g(X, ξ) = η(X),
Φ(X,Y ) ≡ g(X,φY ) ≡ g(φX, Y ) ≡ Φ(Y ;X),
(∇XΦ)(Y, Z) = g(Y, (∇Xφ)Z) = (∇XΦ)(Z, Y ),
where ∇ is the ovariant dierentiation with respet to g. It is lear that
Lorentzian metri g makes ξ a timelike unit vetor eld, i.e, g(ξ, ξ) = −1. The
manifoldM equipped with a Lorentzian almost paraontat struture (φ, ξ, η, g)
is alled a Lorentzian almost paraontat manifold (for short LAP -manifold)
[24, 25℄.
In equations (2.2.1) and (2.2.2) if we replae ξ by −ξ, we obtain an almost
paraontat struture on M dened by Sat	o [32℄.
A Lorentzian almost paraontat manifold M endowed with the struture
(φ, ξ, η, g) is alled a Lorentzian paraontat manifold ( for short LP -manifold)
[24℄ if
Φ(X,Y ) =
1
2
((∇Xη)Y + (∇Y η)X.
A Lorentzian almost paraontat manifold M endowed with the struture
(φ, ξ, η, g) is alled a Lorentzian para Sasakian manifold ( for short LP -Sasakian)
[24℄ if
(∇Xφ)Y = g(φX, φY )ξ + η(Y )φ2X,
or equivalently,
(∇Xφ)Y = η(Y )X + g(X ;Y )ξ + 2η(X)η(Y )ξ,
or equivalently,
(∇XΦ)(Y, Z) = g(X,Y )η(Z) + g(X ;Z)η(Y ) + 2η(X)η(Y )η(Z).
In a LP -Sasakian manifold the 1-form η is losed.
Also Matsomoto in [24℄ showed that if an n-dimensional Lorentzian manifold
(M, g) admits a timelike unit vetor eld ξ suh that the 1-form η assoiated to
ξ is losed and satises
(∇X∇Y η)Z = g(X,Y )η(Z) + g(X,Z)η(Y ) + 2η(X)η(Y )η(Z),
then (M, g) admits an LP -Sasakian struture.
An LP -Sasakian manifold Mn is said to be η-Einstein if its Rii tensor S
is of the form
S(X,Y ) = ag(X,Y ) + bη(X)η(Y ), X, Y ∈ Γ(TM),
where a and b are funtions on Mn [4, 38℄.
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The onformal urvature tensor C is dened by
C(X,Y )Z = R(X,Y )Z − 1
n− 2{g(Y, Z)QX − g(X,Z)QY
+S(Y, Z)X − S(X,Z)Y }+ r
(n− 1)(n− 2){g(Y, Z)X − g(X,Z)Y },
where S(X,Y ) = g(QX, Y ). If C = 0 then the LP -Sasakian manifold is alled
onformally at.
The quasi-onformal urvature tensor C˜ is given by
C˜(X,Y )Z = aR(X,Y )Z + b{S(Y, Z)X − S(X,Z)Y + g(Y, Z)QX
−g(X,Z)QY } − r
n
(
a
n− 1 + 2b){g(Y, Z)X − g(X,Z)Y },
where a, b onstants suh that ab 6= 0 and S(Y, Z) = g(QY,Z). If C˜ = 0 then
the LP -Sasakian manifold is alled quasi onformally at. In [34℄ it was proved
that a onformally at and a quasi onformally at LP -Sasakian manifold is of
onstant urvature and the value of this onstant is +1. Also the same authors
showed in [34℄ that if in an LP -Sasakian manifold Mn (n > 3) the relation
R(X,Y ).C = 0 holds, then it is loally isometri to a Lorentzian unit sphere.
For a onformally symmetri Riemannian manifold [11℄, we have ∇C = 0.
Hene for suh a manifold R(X,Y ).C = 0 holds. Thus a onformally symmetri
LP -Sasakian manifold Mn (n > 3) is loally isometri to a Lorentzian unit
sphere [34℄.
For a onformally at, quasi onformally at and onformally symmetri
LP -Sasakian manifold Mn, we have [34℄
R(X,Y )Z = g(Y, Z)X − g(X,Z)Y, X, Y, Z ∈ Γ(TM).(2.2.3)
An arbitrary urve γ : I → M, γ = γ(s), in a LP -Sasakian manifold is
alled spaelike, timelike or null (lightlike), if all of its veloity vetors γ′(s)
are respetively spaelike, timelike or null (lightlike). If γ(s) is a spaelike or
timelike urve, we an reparametrize it suh that g(γ′(s), γ′(s)) = ε where ε = 1
if γ is spaelike and ε = −1 if γ is timelike, respetively. In this ase γ(s) is
said to be unit speed or arlenght parametrization.
Denote by {T (s), N(s), B1(s), B2(s)} the moving Frenet frame along the
urve γ(s) in a LP -Sasakian manifold. Then T,N,B1, B2 are respetively, the
tangent, the prinipal normal, the rst binormal and the seond binormal vetor
elds. A spaelike or timelike urve γ(s) is said to be parametrized by arlenght
funtion s, if g(γ′(s), γ′(s)) = ±1.
Let γ(s) be a urve in LP -Sasakian manifold parametrized by arlenght
funtion s. Then for the urve γ the following Frenet equations are given in [35℄:
Case I. γ is a spaelike urve:
Then T is a spaelike vetor, so depending on the asual harater of the
prinipal normal vetor N and the rst binormal vetor B1, we have the follow-
ing Frenet formulas:
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Case I.1. N and B1 are spaelike;
(2.2.4)


∇TT
∇TN
∇TB1
∇TB2

 =


0 k1 0 0
−k1 0 k2 0
0 −k2 0 k3
0 0 k3 0




T
N
B1
B2

 ,
where T, N, B1, B2 are mutually orthogonal vetors satisfying (2.2.4) the equa-
tions
g(T, T ) = g(N,N) = g(B1, B1) = 1, g(B2, B2) = −1.
Case I.2. N is spaelike, B1 is timelike;

∇TT
∇TN
∇TB1
∇TB2

 =


0 k1 0 0
−k1 0 k2 0
0 k2 0 k3
0 0 k3 0




T
N
B1
B2

 ,(2.2.5)
where T, N, B1, B2 are mutually orthogonal vetors satisfying the equations
g(T, T ) = g(N,N) = g(B2, B2) = 1, g(B1, B1) = −1.
Case I.3. N is spaelike, B1 is null;

∇TT
∇TN
∇TB1
∇TB2

 =


0 k1 0 0
−k1 0 k2 0
0 0 k3 0
0 −k2 0 −k3




T
N
B1
B2

 ,(2.2.6)
where T, N, B1, B2 satisfy the equations
g(T, T ) = g(N,N) = 1, g(B1, B1) = g(B2, B2) = 0,
g(T,N) = g(T,B1) = g(T,B2) = g(N,B1) = g(N,B2) = 0, g(B1, B2) = 1.
Case I.4. N is timelike, B1 is spaelike;

∇TT
∇TN
∇TB1
∇TB2

 =


0 k1 0 0
k1 0 k2 0
0 k2 0 k3
0 0 −k3 0




T
N
B1
B2

 ,(2.2.7)
where T, N, B1, B2 are mutually orthogonal vetors satisfying the equations
g(T, T ) = g(B1, B1) = g(B2, B2) = 1, g(N,N) = −1.
Case I.5. N is null, B1 is spaelike;

∇TT
∇TN
∇TB1
∇TB2

 =


0 k1 0 0
0 0 k2 0
0 k3 0 −k2
−k1 0 −k3 0




T
N
B1
B2

 ,(2.2.8)
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where T, N, B1, B2 satisfy the equations
g(T, T ) = g(B1, B1) = 1, g(N,N) = g(B2, B2) = 0,
g(T,N) = g(T,B1) = g(T,B2) = g(N,B1) = g(B1, B2) = 0, g(N,B2) = 1.
Case II. γ is a timelike urve:
In this ase T is a timelike vetor, so the Frenet formulae have the form


∇TT
∇TN
∇TB1
∇TB2

 =


0 k1 0 0
k1 0 k2 0
0 −k2 0 k3
0 0 −k3 0




T
N
B1
B2

 ,(2.2.9)
where T, N, B1, B2 are mutually orthogonal vetors satisfying the equations
g(N,N) = g(B1, B1) = g(B2, B2) = 1, g(T, T ) = −1.
3 Biharmoni urves in LP-Sasakian manifolds
In this setion we haraterize the spaelike and timelike proper biharmoni
urves in a 4-dimensional onformally at, quasi onformally at and onfor-
mally symmetri Lorentzian para-Sasakian (LP -Sasakian) manifold.
Theorem 3.1 Let M be a 4-dimensional onformally at, quasi onformally
at or onformally symmetri LP-Sasakian manifold and γ : I → M be a
spaelike urve parametrized by arlength. Suppose that {T,N,B1, B2} be an
orthonormal Frenet frame eld tangent to M along γ suh that g(T, T ) =
g(N,N) = g(B1, B1) = 1 and g(B2, B2) = −1. Then γ : I → M is a proper
biharmoni urve if and only if either γ is a irle with k1 = 1, or γ is a helix
with k21 + k
2
2 = 1.
Proof. LetM be a 4-dimensional onformally at, quasi onformally at or on-
formally symmetri LP -Sasakian manifold endowed with the struture (φ, ξ, η, g)
and γ : I →M be a urve parametrized by arlength. Suppose that γ is a spae-
like urve that is its veloity vetor T = γ′(s) is spaelike. Let {T,N,B1, B2}
be an orthonormal Frenet frame eld tangent toM along γ, where N is the unit
spaelike vetor eld in the diretion ∇TT , B1 is a unit spaelike and B2 is a
unit timelike vetor. The tension eld of γ is τ(γ) = ∇TT. Then by using the
Frenet formulas (2.2.4) and the equation (2.2.3) we obtain the Euler-Lagrange
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equation of the bienergy:
τ2(γ) = ∇3TT −R(T,∇TT )T
= ∇3TT −R(T, k1N)T
= (−3k1k′1)T + (k′′1 − k31 − k1k22)N
+(2k′1k2 + k1k
′
2)B1 + (k1k2k3)B2 − k1R(T,N)T
= (−3k1k′1)T + (k′′1 − k31 − k1k22 + k1)N
+(2k′1k2 + k1k
′
2)B1 + (k1k2k3)B2
= 0.
where k1, k2 and k3 are respetively the rst, the seond and the third urvature
of the urve γ(s).
It follows that γ is a biharmoni urve if and only if
k1k
′
1 = 0,
k′′1 − k1(k21 + k22 − 1) = 0,
2k′1k2 + k1k
′
2 = 0,
k1k2k3 = 0.
If we look for nongeodesi solutions , that is for biharmoni urves with k1 6= 0,
we obtain
k1 = constant 6= 0, k2 = constant,
k21 + k
2
2 = 1,
k2k3 = 0.
This ompletes the proof.
Theorem 3.2 Let M be a 4-dimensional onformally at, quasi onformally
at or onformally symmetri LP-Sasakian manifold and γ : I → M be a
spaelike urve parametrized by arlength. Suppose that {T,N,B1, B2} be an
orthonormal Frenet frame eld tangent to M along γ suh that g(T, T ) =
g(N,N) = g(B2, B2) = 1 and g(B1, B1) = −1. Then γ : I → M is a proper
biharmoni urve if and only if either γ is a irle with k1 = 1, or γ is a helix
with k21 − k22 = 1.
Proof. LetM be a 4-dimensional onformally at, quasi onformally at or on-
formally symmetri LP -Sasakian manifold endowed with the struture (φ, ξ, η, g)
and γ : I →M be a urve parametrized by arlength. Suppose that γ is a spae-
like urve that is its veloity vetor T = γ′(s) is spaelike. Let {T,N,B1, B2}
be an orthonormal Frenet frame eld tangent to M along γ, where N is the
unit spaelike vetor eld in the diretion ∇TT , B2 is a unit spaelike and B1
is a unit timelike vetor. Sine the tension eld of γ is τ(γ) = ∇TT then by
using the Frenet formulas given in (2.2.5) and the equation (2.2.3), we obtain
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the biharmoni equation for γ:
τ2(γ) = ∇3TT −R(T,∇TT )T
= ∇3TT −R(T, k1N)T
= (−3k1k′1)T + (k′′1 − k31 + k1k22)N
+(2k′1k2 + k1k
′
2)B1 + (k1k2k3)B2 − k1R(T,N)T
= (−3k1k′1)T + (k′′1 − k31 + k1k22 + k1)N
+(2k′1k2 + k1k
′
2)B1 + (k1k2k3)B2
= 0.
where k1, k2 and k3 are respetively the rst, the seond and the third urvature
of urve γ(s).
It follows that γ is a biharmoni urve if and only if
k1k
′
1 = 0,
k′′1 − k1(k21 − k22 − 1) = 0,
2k′1k2 + k1k
′
2 = 0,
k1k2k3 = 0.
If we look for nongeodesi solutions , that is for biharmoni urves with k1 6= 0,
we obtain
k1 = cons tan t 6= 0, k2 = cons tan t,
k21 − k22 = 1,
k2k3 = 0.
This ompletes the proof.
Theorem 3.3 Let M be a 4-dimensional onformally at, quasi onformally
at or onformally symmetri LP-Sasakian manifold and γ : I →M be a spae-
like urve parametrized by arlength. Suppose that {T,N,B1, B2} be a moving
Frenet frame suh that N is a spaelike and B1 is a null vetor. Then γ : I →M
is a proper biharmoni urve if and only if k1 = 1 and ln k2(s) = −
∫
k3(s) ds.
Proof. Let γ : I → M be a spaelike urve parametrized by arlength on a
4-dimensional onformally at, quasi onformally at or onformally symmet-
ri LP -Sasakian manifold M. Suppose that {T,N,B1, B2} be a moving Frenet
frame suh that
g(T, T ) = g(N,N) = 1, g(B1, B1) = g(B2, B2) = 0,
g(T,N) = g(T,B1) = g(T,B2) = g(N,B1) = g(N,B2) = 0, g(B1, B2) = 1.
Then by using the Frenet equations given by (2.2.6), we have
τ2(γ) = ∇3TT −R(T,∇TT )T
= ∇3TT −R(T, k1N)T
= (−3k1k′1)T + (k′′1 − k31 + k1)N
+(2k′1k2 + k1k
′
2 + k1k2k3)B1
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where k1, k2 and k3 are respetively the rst, the seond and the third urvature
of urve γ(s). From the biharmoni equation of γ above, we an say γ is a
biharmoni urve if and only if
k1k
′
1 = 0,
k′′1 − k31 + k1 = 0,
2k′1k2 + k1k
′
2 + k1k2k3 = 0.
For biharmoni urves with k1 6= 0 that is if we investigate the nongeodesi
solutions, we obtain
k1 = ∓1,
k′2 + k2k3 = 0.
Thus we have the assertion of the theorem.
Theorem 3.4 Let M be a 4-dimensional onformally at, quasi onformally
at or onformally symmetri LP-Sasakian manifold and γ : I → M be a
spaelike urve parametrized by arlength. Suppose that {T,N,B1, B2} be an
orthonormal Frenet frame eld tangent to M along γ suh that g(T, T ) =
g(B1, B1) = g(B2, B2) = 1 and g(N,N) = −1. Then γ : I → M is a bihar-
moni urve if and only it is a geodesi of M.
Proof. LetM be a 4-dimensional onformally at, quasi onformally at or on-
formally symmetri LP -Sasakian manifold endowed with the struture (φ, ξ, η, g)
and γ : I →M be a urve parametrized by arlength. Suppose that γ is a spae-
like urve that is its veloity vetor T = γ′(s) is spaelike. Let {T,N,B1, B2}
be an orthonormal Frenet frame eld tangent toM along γ, where N is the unit
timelike vetor eld in the diretion ∇TT , B1 and B2 are unit spaelike ve-
tors. The tension eld of γ is τ(γ) = ∇TT. Then by using the tension eld of γ,
Frenet formulas in (2.2.7) and the equation (2.2.3) we obtain the Euler-Lagrange
equation of the bienergy:
τ2(γ) = ∇3TT −R(T,∇TT )T
= ∇3TT −R(T, k1N)T
= (3k1k
′
1)T + (k
′′
1 + k
3
1 + k1k
2
2)N
+(2k′1k2 + k1k
′
2)B1 + (k1k2k3)B2 − k1R(T,N)T
= (3k1k
′
1)T + (k
′′
1 + k
3
1 + k1k
2
2 + k1)N
+(2k′1k2 + k1k
′
2)B1 + (k1k2k3)B2
= 0.
It follows that γ is a biharmoni urve if and only if
k1k
′
1 = 0,
k′′1 + k1(k
2
1 + k
2
2 + 1) = 0,
2k′1k2 + k1k
′
2 = 0,
k1k2k3 = 0.
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If we look for nongeodesi solutions , that is for biharmoni urves with k1 6= 0,
we obtain
k1 = cons tan t 6= 0, k2 = cons tan t,
k21 + k
2
2 = −1,
k2k3 = 0.
This shows that we have no nongeodesi solution for the biharmoni equation
for the urve γ.
Theorem 3.5 Let M be a 4-dimensional onformally at, quasi onformally
at or onformally symmetri LP-Sasakian manifold and γ : I →M be a spae-
like urve parametrized by arlength. Suppose that {T,N,B1, B2} be a moving
Frenet frame along γ suh that N is a null vetor. Then γ : I → M is a
biharmoni urve if and only if γ is a geodesi of M .
Proof. Let γ : I → M be a spaelike urve parametrized by arlength on a
4-dimensional onformally at, quasi onformally at or onformally symmet-
ri LP -Sasakian manifold M. Suppose that {T,N,B1, B2} be a moving Frenet
frame along the urve γ suh that
g(T, T ) = g(B1, B1) = 1, g(N,N) = g(B2, B2) = 0,
g(T,N) = g(T,B1) = g(T,B2) = g(N,B1) = g(B1, B2) = 0, g(N,B2) = 1.
If we onsider the Frenet formulas given in (2.2.8), we obtain the biharmoni
equation for the urve γ:
0 = τ2(γ) = (k
′′
1 + k1k2k3 + k1)N
+(2k′1k2 + k1k
′
2)B1 + (−k1k22)B2
Then γ is a biharmoni urve if and only if
k′′1 + k1k2k3 + k1 = 0,
2k′1k2 + k1k
′
2 = 0,
k1k
2
2 = 0.
Sine γ is a spaelike urve with a null normal vetor, k1 an take only two
values: 0 and 1. If we look for nongeodesi solutions, we get k2 = 0. But from
the rst equation above, we have a ontradition suh that k2k3 + 1 = 0. So
the only biharmoni spaelike urves on M with a null normal vetor are the
geodesis of M .
Let M be a 4-dimensional onformally at, quasi onformally at or on-
formally symmetri LP -Sasakian manifold. Sine M is loally isometri to a
Lorentzian unit sphere S41 , by using the above theorems we shall give some
haraterizations for nongeodesi biharmoni urves in S41 :
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Proposition 3.6 Let γ : I → S41 be a spaelike nongeodesi biharmoni urve
parametrized by arlenght and {T,N,B1, B2} be a Frenet frame along γ suh
that the prinipal normal vetor N and rst binormal vetor B1 are spaelike.
Then
γ(IV ) + 2γ′′ + (1− k21)γ = 0.(3.1)
Proof. From the Frenet formulas (2.2.4), by taking the ovariant derivative of
∇TN with respet to T , we have
∇2TN = −k1∇TT + k2∇TB1
= −k21N + k2(−k2N + k3B2)
= −(k21 + k22)N + k2k3B2
= −N.
If we use the Gauss equation of S41 ⊂ R51, that for any vetor eld X along γ is
∇TX = X ′+ < T,X > γ,
we get
∇2TN = ∇T [N ′+ < T,N > γ]
= ∇TN ′
= N ′′+ < T,N ′ > γ
= N ′′+ < T,∇TN− < N, T > γ > γ
= N ′′+ < T,∇TN > γ
= N ′′ − k1γ
and
N =
1
k1
(γ′′ + γ).
By substituting the above expressions of ∇2TN and N in the equation ∇2TN +
N = 0, we obtain the dierential equation (3.1).
From Proposition 3.6, it is obvious that to nd nongeodesi biharmoni
urves in S41 we must investigate the solutions of (3.1). By integrating the
dierential equation (3.1), we have
Theorem 3.7 Let γ : I → S41 be a spaelike nongeodesi biharmoni urve
parametrized by arlenght and {T,N,B1, B2} be a Frenet frame along γ suh
that the prinipal normal vetor N and rst binormal vetor B1 are spaelike.
Then we have two ases:
• γ is a irle of radius 1√
2
;
• γ(s) = (0, cos(as)√
2
,
sin(as)√
2
,
cos(bs)√
2
,
sin(bs)√
2
).
13
Proof. If k1 = 1, then the general solution of (3.1) is
γ(s) = c1 + c2s+ c3 cos(
√
2s) + c4 sin(
√
2s).
Sine |γ|2 = 1 and |γ′|2 = 1, we have c2 = 0, while c1, c3, c4 are onstant
vetors ortogonal to eah other with |c1|2 = |c3|2 = |c4|2 = 12 . Then the solution
beomes
γ(s) = (d1,
cos(
√
2s)√
2
,
sin(
√
2s)√
2
, d2, d3),
with −d21 + d22 + d23 = 12 . It is obvious that γ is a irle of radius 1√2 .
If 0 < k1 < 1, then the general solution of (3.1) is
γ(s) = c1 cos(as) + c2 sin(as) + c3 cos(bs) + c4 sin(bs)
where a =
√
1− k1 and b =
√
1 + k1. Sine |γ|2 = 1 and |γ′|2 = 1, we obtain
that the vetors ci, i = 1, 2, 3, 4, are orthogonal to eah other and |c1|2 =
|c1|2 = |c3|2 = |c4|2 = 12 . Then the urve γ beomes
γ(s) = (0,
cos(as)√
2
,
sin(as)√
2
,
cos(bs)√
2
,
sin(bs)√
2
).
Proposition 3.8 Let γ : I → S41 be a spaelike nongeodesi biharmoni urve
parametrized by arlenght and {T,N,B1, B2} be a Frenet frame along γ suh
that the prinipal normal vetor N is spaelike and rst binormal vetor B1 is
timelike. Then
γ(IV ) + 2γ′′ + (1− k21)γ = 0.(3.2)
If k1 = 1, then it is obvious that the general solution of (3.2) is a irle of
radius
1√
2
. If k1 > 1, then the general solution of ( 3.2) is
γ(s) = c1e
as + c2e
−as + c3 cos(bs) + c4 sin(bs)
with a =
√
k1 − 1 and b =
√
k1 + 1. Here ci, i = 1, 2, 3, 4, are onstant vetors.
Sine |γ|2 = 1 and |γ′|2 = 1, by hoosing
c1 = (1, 0, 0, 0, 1), c2 = (−1,
√
7
4
, 0, 0,−3
4
),
c3 = (0, 0,
1
2
,
1
2
, 0), c4 = (−
√
7√
2
,
1√
2
, 0, 0,−
√
7√
2
),
suh that
< c1, c1 > = < c2, c2 >= 0,
< c3, c3 > = < c4, c4 >=
3
b2
,
< c1, c2 > =
1
a2
,
< c1, c3 > = < c1, c4 >= 0,
< c2, c3 > = < c2, c4 >= 0,
< c3, c4 > = 0,
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with a = 2, b =
√
6, we obtain following speial solution of dierential equation
(3.2)
γ(s) = (e2s − e−2s −
√
7√
2
sin(
√
6s),
√
7
4
e−2s +
1√
2
sin(
√
6s),
1
2
cos(
√
6s),
1
2
cos(
√
6s), e2s − 3
4
e−2s −
√
7√
2
sin(
√
6s)),
whih is a helix with k1 = 5 and k2 = 2
√
6.
Proposition 3.9 Let γ : I → S41 be a spaelike nongeodesi biharmoni urve
parametrized by arlenght and {T,N,B1, B2} be a moving Frenet frame along
γ suh that the prinipal normal vetor N is spaelike and rst binormal vetor
B1 is null. Then
γ(IV ) + 2γ′′ = 0.(3.3)
It an be easily seen that the general solution of dierential equation (3.3)
is a irle of radius
1√
2
.
Now let us investigate the biharmoniity of a timelike urve in a 4-dimensional
onformally at, quasi onformally at and onformally symmetri Lorentzian
para-Sasakian (LP -Sasakian) manifold. We have,
Theorem 3.10 Let M be a 4-dimensional onformally at, quasi onformally
at or onformally symmetri LP-Sasakian manifold and γ : I →M be a time-
like urve parametrized by arlength. Then γ : I → M is a proper biharmoni
urve if and only if either γ is a irle with k1 = 1, or γ is a helix with k
2
1−k22 = 1.
Proof. LetM be a 4-dimensional onformally at, quasi onformally at or on-
formally symmetri LP -Sasakian manifold endowed with the struture (φ, ξ, η, g)
and γ : I →M be a urve parametrized by arlength. Suppose that γ is a time-
like urve that is its veloity vetor T = γ′(s) is timelike. Let {T,N,B1, B2}
be an orthonormal Frenet frame eld tangent to M along γ, where N is the
unit spaelike vetor eld in the diretion ∇TT , B1 and B2 are unit spaelike
vetors. Then by using the Frenet formulas (2.2.9), we have:
τ2(γ) = ∇3TT −R(T,∇TT )T
= ∇3TT −R(T, k1N)T
= (3k1k
′
1)T + (k
′′
1 + k
3
1 − k1k22)N
+(2k′1k2 + k1k
′
2)B1 + (k1k2k3)B2 − k1R(T,N)T
= (3k1k
′
1)T + (k
′′
1 + k
3
1 − k1k22 − k1)N
+(2k′1k2 + k1k
′
2)B1 + (k1k2k3)B2
= 0.
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It follows that γ is a biharmoni urve if and only if
k1k
′
1 = 0,
k′′1 + k1(k
2
1 − k22 − 1) = 0,
2k′1k2 + k1k
′
2 = 0,
k1k2k3 = 0.
If we look for nongeodesi solutions , that is for biharmoni urves with k1 6= 0,
we obtain
k1 = cons tan t 6= 0, k2 = cons tan t,
k21 − k22 = 1,
k2k3 = 0.
Proposition 3.11 Let γ : I → S41 be a timelike nongeodesi biharmoni urve
parametrized by arlenght. Then
γ(IV ) − 2γ′′ + (1− k21)γ = 0.(3.4)
If k1 = 1, then the general solution of (3.4) is
γ(s) = c1 + c2s+ c3e
−
√
2s + c4e
√
2s
Here ci, i = 1, 2, 3, 4, are onstant vetors. Sine < γ(s), γ(s) >= 1 and
< γ′(s), γ′(s) >= −1, by hoosing
c1 = (
1√
2
, 0, 0, 0, 1), c2 = (0, 0, 0, 0, 0),
c3 = (−1, 1√
2
, 0, 0,− 1√
2
), c4 = (1,−
√
2
4
,
1
2
√
2
,
1
2
,
1√
2
),
suh that
< c1, c1 > =
1
2
< c2, c2 >=< c3, c3 > = < c4, c4 >= 0,
< c1, c2 >=< c1, c3 > = < c1, c4 >= 0,
< c2, c3 > = < c2, c4 >= 0,
< c3, c4 > =
1
4
,
we obtain following speial solution of dierential equation (3.4)
γ(s) = (
1√
2
− e−
√
2s + e
√
2s,
e−
√
2s
√
2
− e
√
2s
2
√
2
,
e
√
2s
2
√
2
,
e
√
2s
2
, 1− e
−
√
2s
√
2
+
e
√
2s
√
2
),
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whih is a irle.
If k1 > 1, then the general solution of (3.4) is
γ(s) = c1e
as + c2e
−as + c3 cos(bs) + c4 sin(bs)
with a =
√
k1 + 1 and b =
√
k1 − 1. Here ci, i = 1, 2, 3, 4, are onstant vetors.
Sine again < γ(s), γ(s) >= 1 and < γ′(s), γ′(s) >= −1, by hoosing
c1 = (1, 0, 0, 0, 1), c2 = (−1,
√
7
4
, 0, 0,−3
4
),
c3 = (0, 0,
1
2
,
1
2
, 0), c4 = (−
√
7√
2
,
1√
2
, 0, 0,−
√
7√
2
),
suh that c1 and c2 are null vetors and
< c3, c3 > = < c4, c4 >=
1
b2
,
< c1, c2 > =
1
a2
,
< c1, c3 > = < c1, c4 >= 0,
< c2, c3 > = < c2, c4 >= 0,
< c3, c4 > = 0,
with a = 2, b =
√
2, we obtain following speial solution of dierential equation
(3.4)
γ(s) = (e2s − e−2s −
√
7√
2
sin(
√
2s),
√
7
4
e−2s +
1√
2
sin(
√
2s),
1
2
cos(
√
2s),
1
2
cos(
√
2s), e2s − 3
4
e−2s −
√
7√
2
sin(
√
2s)),
whih is a helix with k1 = 3 and k2 = 2
√
2.
Remark 3.12 In this paper we do not onsider the null urves in a LP-Sasakian
manifold. Beause a null urve in a semi-Riemannian manifold an be onsid-
ered as a 1-dimensional degenerate submanifold and some diulties arise when
the Laplaian operator is being dened in a degenerate submanifold. Hene the
biharmoniity of a null urve thought of a 1-dimensional submanifold an not
be dened by means of the variational problem.
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